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Let r = r(θ) be the orbit of a point mass under a central force f (r) = −1/r3 with angular
momentum M . Suppose p = M/√M2 − 1. We show that the orbit is a transcendental curve
if p is irrational, and the orbit is an algebraic curve F A(1, x, y) = 0 for some 2m × 2m
nilpotent Toeplitz matrix A if p =m/ j0 is rational, where
F (t, x, y) = F A(t, x, y) = det
(
t In + x
(
A + A∗)/2+ y(A − A∗)/(2i)).
Furthermore, we examine the rank-k numerical range Λk(A) of this nilpotent Toeplitz
matrix, showing that the sum of numbers of ﬂat portions on the boundary of Λk(A),
k = 1,2, . . . ,m, is (m − 1)(2m − 3).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In the previous paper [6] the authors of this paper treated the orbit of a point mass under a special central force with an
initial condition via the numerical range of a matrix. In Corollary 3 of Proposition 41, Problem 28 in Book I of [14], Newton
paid an attention to an attractive force f (r) = −r−3 inversely proportional to the cube of the distance. Motivated by this,
Chandrasekhar’s treatise [4] provides modern solutions of the motion under the central attractive force f (r) = −r−3. As we
will see in Section 3, some orbits of this central force f (r) = −r−3 satisfy an interesting property for the study of higher
rank numerical ranges of matrices. In this paper we associate a ternary homogeneous polynomial
F (t, x, y) = F A(t, x, y) = det
(
t In + x
(
A + A∗)/2+ y(A − A∗)/(2i)),
with an n × n complex matrix A. In Section 2, we show that some orbits under the central force f (r) = −r−3 are realized
as the curves F A(1, x, y) = 0 for some special nilpotent Toeplitz matrix A. The numerical range of an arbitrary n × n matrix
A is deﬁned as the set
W (A) = {ξ∗Aξ : ξ ∈ Cn, ξ∗ξ = 1}.
Recently, the rank-k numerical range of A is introduced and deﬁned in [9] as the set
Λk(A) = {λ ∈ C: P AP = λP for some rank k orthogonal projection P },
1  k  n. In case k = 1, this set is reduced to W (A). Woerdeman proved the convexity of this set Λk(A). A generating
process for the boundary of Λk(A) is provided in the previous paper [7] which is deeply related with the form F A(t, x, y).
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interior point of Λk(A), the set
Dk(A) =
{
(u, v) ∈ R2, ux+ vy + 1 0 for every x+ iy ∈ Λk(A)
}
,
is a compact convex set, and it is the convex hull of the simple closed curve
Dk(A) =
{(
− cos θ
λk(θ)
,− sin θ
λk(θ)
)
: 0 θ  2π
}
,
where the eigenvalues λ1(θ) λ2(θ) · · · λn(θ) of (e−iθ A) are characterized as
F A(t,− cos θ,− sin θ) =
n∏
j=1
(
t − λ j(θ)
)
.
Assuming that a central force f (r) is given as a real analytic function in the interval 0 < r < ∞, we consider the
movement of a point mass under the central force f (r). The ordinary differential equation of motion is given by
x′′(t) = x(t)√
x(t)2 + y(t)2 f
(√
x(t)2 + y(t)2),
y′′(t) = y(t)√
x(t)2 + y(t)2 f
(√
x(t)2 + y(t)2). (1.1)
The potential function V (r) associated with f (r) is deﬁned as
V (r) = V0 −
r∫
r0
f (u)du,
for some V0 and r0. The initial conditions of the motion are given by
M = x(0)y′(0) − y(0)x′(0),
and
E0 = 1
2
(
x′(0)2 + y′(0)2)+ V (√x(0)2 + y(0)2).
We usually assume that M > 0. The orbit is expressed as r = F (θ) = F (θ : M, E0) in polar coordinates (r, θ), where F (θ) is
an analytic function deﬁned on the real line R or its connected subset. Under what central force f (r) is the orbit r = F (θ)
an algebraic arc for every initial condition? Koenigs [12] gave an answer to this question based on Bertrand’s result [3] (see
also [13, Chapter III], [17, Chapter IV]). In particular, we give in Section 4 a necessary condition for a central force f (r) in
which the orbit r = F (θ) is an algebraic arc other than a concentric circle r = const for some suitable initial condition. This
result is a special case of the inverse problem in celestial mechanics which was studied in [2,11]. We also provide concrete
examples of closed transcendental orbits under central forces.
2. Central force f (r) = −1/r3
We call some results in [4, Chapter 9, Section 50], for the motion of a point mass under a central force f (r) = −1/r3 or
its associated potential V (r) = −1/(2r2). In this case, the equations of the motion in (1.1) become
x′′(t) = − x(t)
(x(t)2 + y(t)2)2 , y
′′(t) = − y(t)
(x(t)2 + y(t)2)2 ,
under the conditions that the angular momentum M = x(0)y′(0) − y(0)x′(0) > 0 and the total energy
E0 = 1
2
M2
r4
(
dr
dθ
)2
+ M
2 − 1
2r2
.
The equations of the motion can be solved in the following way.
First we consider the case 0 < M < 1. The total energy E0 can be negative, 0 or positive. The distance r =
√
x2 + y2 of
the point mass from the origin varies over the range
0< r  α =
√
1− M2√−2E0
M.-T. Chien, H. Nakazato / J. Math. Anal. Appl. 389 (2012) 531–540 533in case E0 < 0, while the range 0< r < ∞ in case E0  0. The orbit of a point mass in polar coordinates (r, θ) is given by
r =
⎧⎨
⎩
α sech((
√
1− M2/M)(θ − θ0)), if E0 < 0 and α =
√
1− M2/√−2E0,
exp((
√
1− M2/M)(θ − θ0)), if E0 = 0,
α cosech(±(√1− M2/M)(θ − θ0)), if E0 > 0 and α =
√
1− M2/√2E0.
Thus, the orbit of the motion of a point mass under a central force f (r) = −1/r3 with 0< M < 1 is a transcendental analytic
curve.
Next we consider the case M = 1. Then the total energy E0  0. If E0 = 0, the orbit is the circle r = const. If E0 > 0, the
orbit is an Archimedean spiral
r = ± 1√
2E0
1
θ − θ0 ,
which converges to the origin as θ → θ0.
In summary, the orbit of the motion of a point mass under a central force f (r) = −1/r3 with 0 < M  1 is a transcen-
dental analytic curve except that (M, E0) = (1,0).
We are interested in the case M > 1. The total energy E0, in this case, is necessarily positive. The distance r =
√
x2 + y2
of a point mass from the origin varies over the range
α =
√
M2 − 1√
2E0
 r < ∞,
and the orbit is given by
r = α
cos((
√
M2 − 1/M)(θ − θ0))
.
We may assume that θ0 = M/
√
M2 − 1π by a rotation. Substituting the variable s = θ/M , the orbit is parametrized as
x = − α cos(Ms)
cos(
√
M2 − 1s) , y = −
α sin(Ms)
cos(
√
M2 − 1s) , (2.1)
−π/(2√M2 − 1) < s < π/(2√M2 − 1). Our consideration is reduced to the case α = 1. Setting p = M/√M2 − 1, then p > 1
and M = p/√p2 − 1. First we show that the arc (2.1) is transcendental if p is irrational.
Theorem 2.1. If p > 1 is an irrational number, then there is no non-zero real polynomial h(x, y) ∈ R[x, y] satisfying
h
(
−cos(ps)
cos s
,− sin(ps)
cos s
)
= 0, (2.2)
for −π/2< s < π/2.
Proof. Suppose that there exists a non-zero real polynomial
h(x, y) =
∑
n+mN
an,mx
n ym
satisfying Eq. (2.2). Then the homogenized form
H(x, y, z) =
∑
n+mN
an,mx
n ymzN−n−m
satisﬁes
H
(− cos(ps),− sin(ps), cos s)= 0
for −π/2 < s < π/2, and hence for every s ∈ R. We consider the intersection of the algebraic curve H(x, y, z) = 0 and a
straight line (cosφ)x+ (sinφ)y = 0 for 0 φ < π . Since H(x, y, z) is a non-zero polynomial, only ﬁnite number of straight
lines (cosφ)x+ (sinφ)y = 0 could be components of the curve H(x, y, z) = 0. Since p is irrational, the points(
cos(psn), sin(psn), cos(sn)
)
,
sn = φ/p + (1/2 + n)π/p, n = 0,±1,±2, . . . , are different points on the real projective plane satisfying cosφ cos(psn) +
sinφ sin(psn) = 0. Thus Bezout’s theorem (cf. [16]) implies that the line (cosφ)x + (sinφ)y = 0 is a component of
H(x, y, z) = 0 for every φ. This contradicts the above statement on the algebraic curve H(x, y, z) = 0. 
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T (a1,a2, . . . ,an−1) =
⎛
⎜⎜⎜⎜⎜⎝
0 a1 a2 a3 . . . . . . an−2 an−1
0 0 a1 a2 . . . . . . an−3 an−2
0 0 0 a1 . . . . . . an−4 an−3
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . . . . . . . 0 a1
0 0 0 . . . . . . . . . 0 0
⎞
⎟⎟⎟⎟⎟⎠ ,
where a1,a2, . . . ,an−1 are real numbers. For an odd number n  3 and real numbers b1,b2, . . . ,bm−1, m = (n + 1)/2, we
deﬁne an n × n real matrix
A(b1,b2, . . . ,bm−1) = T (bm−1,bm−2, . . . ,b2,b1,b1,b2, . . . ,bm−2,bm−1). (2.3)
For an even number n = 2m 4 and real numbers b1,b2, . . . ,bm−1, we deﬁne an n × n matrix
A(b1,b2, . . . ,bm−1) = T (bm−1,bm−2, . . . ,b2,b1,0,b1,b2, . . . ,bm−2,bm−1). (2.4)
Using a matrix numerical range theory on the matrix (2.4), we show in the following that if p = M/√M2 − 1 is rational
then the orbit (2.1) lies on an algebraic curve.
Theorem 2.2. If p =m/ j0 > 1 is rational then the 2m × 2m nilpotent matrix A = A(b1, . . . ,bm−1) in (2.4) with b j0 = 1, b j = 0 for
j 	= j0 satisﬁes
F A
(
1,−cos(ps)
cos s
,− sin(ps)
cos s
)
= 0
for −π/2< s < π/2.
Proof. For 0 θ  2π , consider the real part of exp(−iθ)A(b1,b2, . . . ,bm−1):
H(θ) = 1
2
(
exp(−iθ)A(b1,b2, . . . ,bm−1) + exp(iθ)A(b1,b2, . . . ,bm−1)∗
)
.
The real polynomial
F A(t, x, y) = det
(
t In + x− iy
2
A(b1,b2, . . . ,bm−1) + x+ iy
2
A(b1,b2, . . . ,bm−1)∗
)
is related with H(θ) via
F (t,− cos θ,− sin θ) = det(t In − H(θ)).
By Theorem 3.1 in [5], we have that, when n is even,
F A(t,− cos θ,− sin θ) =
n−1∏
k=0
(
t − (−1)k
m−1∑
j=1
b j cos
(
2 jθ
n
− 2 jkπ
n
))
. (2.5)
In particular, if b j = 0 for all 1 j 	= j0 m − 1 but b j0 = 1, then (2.5) reduces to
F A(t,− cos θ,− sin θ) =
n−1∏
k=0
(
t − (−1)k cos
(
2 j0θ
n
− 2 j0kπ
n
))
. (2.6)
Eq. (2.6) implies that the real part of the curve F A(t, x, y) = 0 is parametrized as{[(
(−1)k cos
(
2 j0θ
n
− 2 j0kπ
n
)
,− cos θ,− sin θ
)]
∈ RP2: θ ∈ R, k = 0,1, . . . ,n − 1
}
. (2.7)
Substituting θ = θ˜ + kπ in the expression (2.7), we have[(
(−1)k cos
(
2 j0θ
n
− 2 j0kπ
n
)
,− cos θ,− sin θ
)]
=
[(
(−1)k cos
(
2 j0θ˜
n
)
,−(−1)k cos(θ˜ ),−(−1)k sin(θ˜ )
)]
=
[(
cos
(
2 j0θ˜
n
)
,− cos(θ˜ ),− sin(θ˜ )
)]
= [(1,− cos(θ˜)/ cos( j0θ˜/m),− sin(θ˜ )/ cos( j0θ˜/m))].
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(x, y) =
(− cos(ms)
cos( j0s)
,
− sin(ms)
cos( j0s)
)
,
the assertion then follows. 
3. Higher rank numerical range
Let {(x(s), y(s)): 0  s < 	} be a parametrized smooth plane curve satisfying x(0) = r0 > 0, y(0) = 0 and y′(s), −x′(s)
are positive on 0 s < 	 . In [8], the angle β between the vector −→v = (x′(0), y′(0)) and the vertical vector (0,1) is deﬁned.
Using polar coordinates x(s) = r(s) cos θ(s), y(s) = r(s) sin θ(s), the angle 0< β < π/2 is given by
tanβ = 1
r(0)
−dr
dθ
= 1
r(0)
−r′(0)
θ ′(0)
. (3.1)
We extend the curve by x(−s) = x(s), y(−s) = −y(s). Then (r0,0) is a sharp point of this symmetric curve and β is the half
of the turning angle of the parametrized curve (x(s), y(s)), −	 < s < 	 , at (r0,0).
Suppose n is an odd integer, and A(0, . . . ,0,1) is an n × n Toeplitz nilpotent matrix deﬁned in (2.3). We show in this
section, the aﬃne curve F A(1, x, y) = 0 has (n − 1)(n − 2)/2 real double points. If n is even and A(0, . . . ,0,1) is an n × n
Toeplitz nilpotent matrix deﬁned in (2.4), the projective curve F A(t, x, y) = 0 also has (n− 1)(n− 2)/2 real double points at
which one double point (t, x, y) = (0,1,0) is viewed at inﬁnity for the aﬃne plane {(1, x, y): x, y ∈ R}. In this section, we
deal with the rank-k numerical range of A(0, . . . ,0,1). We obtain the following result.
Theorem 3.1. Let n = 2m − 1 5 and A = A(0, . . . ,0,1) ∈ Mn be a Toeplitz nilpotent matrix deﬁned in (2.3). Then the convex hull
Dk(A) of the simple closed curve Dk(A) is a regular (n − 2)-gon centered at 0 for k = 2,3, . . . ,m − 1. In this case, Λk(A) is also a
regular (n − 2)-gon centered at 0 for k = 2,3, . . . ,m − 1.
Proof. Let A = A(0, . . . ,0,1) ∈ Mn be a Toeplitz nilpotent matrix deﬁned in (2.3). The aﬃne curve F A(1, x, y) = 0 is
parametrized as{
− exp(ins)
cos((n − 2)s) : 0 s < π, cos
(
(n − 2)s) 	= 0},
in the Gaussian plane. The polynomial F A(1, x, y) satisﬁes the following symmetries:
F A
(
1, cos
(
2π
n − 2
)
x− sin
(
2π
n − 2 y
)
, sin
(
2π
n − 2
)
x+ cos
(
2π
n − 2
)
y
)
= F A(1, x, y), (3.2)
and
F A(1, x,−y) = F A(1, x, y). (3.3)
Hence the curve F A(1, x, y) = 0 is invariant under the rotation around the origin with angle 2π/(n − 2). The curve
F A(1, x, y) = 0 is also symmetric with respect to the x-axis. The equivalence relation[
cos
(
(n − 2)u1
)
,− cos(nu1),− sin(nu1)
]= [cos((n − 2)u2),− cos(nu2),− sin(nu2)]
in the projective plane holds for real u1 	≡ u2 (mod π ) if and only if
u1 ≡ jπ
n(n − 2) (mod π)
for some integer j with j 	≡ 0 (mod n), and
u2 ≡ (n − 1)u1 (mod π).
Therefore, the real singular points of the curve F A(1, x, y) = 0 belonging to Dk(A) are given by
(x, y) = (−1)k−1
(
sec
(
kπ
n
)
cos
(
2 jπ
n − 2
)
, sec
(
kπ
n
)
sin
(
2 jπ
n − 2
))
,
j = 0,1,2, . . . ,n− 3, k = 1,2, . . . ,m− 1 = (n− 1)/2. Thus the curve F A(1, x, y) = 0 has (n− 1)(n− 2)/2 real singular points.
We consider the arc z(s) = −exp(ins) sec((n − 2)s) on F A(1, x, y) = 0 corresponding to
0 s < π .
2(n − 2)
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z′(s) = z(s)((n − 2) tan((n − 2)s)+ in),
Arg
(
z′(s)
)= Arg(z(s))+ Arg((n − 2) tan((n − 2)s)+ in)= ns +π + Arg((n − 2) tan((n − 2)s)+ in),
and
d
ds
(
Arg
(
z′(s)
))= n + ( (n − 2)2 sec((n − 2)s)
(n − 2) tan((n − 2)s) + in
)
= 2n(n − 1) 1+ cos(2(n − 2)s)
(n − 1)2 + 1+ 2(n − 1) cos(2(n − 2)s) > 0, (3.4)
0  s < π/(2(n − 2)). The inequality (3.4) shows that the argument of z′(s) is increasing on 0  s < π/(2(n − 2)), the
direction of the tangent of the parametrized curve z(s) = −exp(ins) sec((n − 2)s) turns counter clockwise as s increases.
Obviously, the regular part of Dk(A) also satisﬁes this property We divide this interval into
s0 = 0< s1 = π
n(n − 2) < s2 =
2π
n(n − 2) < · · · < sm−1 =
(m − 1)π
(2m − 1)(n − 2)
< sm−1/2 = π
2(n − 2) .
The arc z(s) = −exp(ins) sec((n − 2)s) for sk−1  s sk belongs to the simple closed curve Dk(A) for k = 1,2, . . . ,m − 1.
Using the expression
r(θ +π) = ± sec
(
(n − 2)θ
n
)
,
we have
r′(θ +π)
r(θ +π) = ±
n − 2
n
tan
(
(n − 2)θ
n
)
.
Hence the half turning angle β , in (3.1), of the curve F A(1, x, y) = 0 at the singular point on the circle x2 + y2 = sec2(kπ/n)
satisﬁes
tanβ = n − 2
n
tan
(
kπ
n
)
, (3.5)
k = 1,2, . . . ,m − 1. We claim that the inequality
0<
tan(π/(n − 2))
tan(2π/n)
<
n − 2
n
(3.6)
holds for n = 5,7,9, . . . . The inequality (3.6) is veriﬁed numerically for n = 5,7 as
tan(π/3)
tan(2π/5)
= √3
√
5− 1√
10+ 2√5
<
57
100
<
3
5
,
and
tan(π/5)
tan(2π/7)
<
6
10
<
7
10
<
5
7
.
For n 9, the inequality
cos
(
π
n − 2
)
= 1−
π/(n−2)∫
0
sin t dt  1−
π/(n−2)∫
0
t dt = 1− π
2
2(n − 2)2 >
n2
2(n − 2)2 (3.7)
holds. The last inequality in (3.7) follows from
n2
2
+ π
2
2
<
n2 + 10
2
= n
2 + 10
2 2
 n
2 + 10
2
< 1.
2(n − 2) 2(n − 2) 2n − 8n + 8 n + 10+ (n − 8n − 2) n + 10+ 7
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tan
(
π
n − 2
)
<
π/(n − 2)
cos(π/(n − 2)) <
π
n − 2 ×
2(n − 2)2
n2
= 2(n − 2)π
n2
<
n − 2
n
tan
(
2π
n
)
.
Therefore, from (3.5) and (3.6), we obtain that the half turning angle β  π/(n − 2). Then, according to the (3.2)-symmetry
of the curve Dk(A) by rotating an angle 2π/(n − 2) at the origin, and the (3.3)-symmetry with respect to the real axis, the
convex hull Dk(A) of Dk(A) is a regular (n − 2)-gon centered at the origin. 
The curve D1(A) is the contour of a convex set. This curve has n− 2 sharp points. The half turning angle β of the curve
D1(A) at these sharp points satisﬁes
tanβ = n − 2
n
tan
(
π
n
)
> 0.
Hence the boundary of the numerical range W (A) has n−2 ﬂat portions. For k = 2,3, . . . , [n/2], the rank-k numerical range
Λk(A) is a regular (n− 2)-gon. For a generic real number a, the line y = ax intersects the curve F A(1, x, y) = 0 at n distinct
points. These points are joined by a parametrized curve x = − cos(ns)/ cos((n − 2)s), y = − sin(ns)/ cos((n − 2)s). Thus the
n points belong to the same irreducible component of F A(1, x, y) = 0. Hence F A(t, x, y) is irreducible. Thus we have the
following result.
Theorem 3.2. Let n = 2m − 1  5 and A = A(0, . . . ,0,1) ∈ Mn be a Toeplitz nilpotent matrix deﬁned in (2.3). Then the sum of
numbers of ﬂat portions on the boundary of Λk(A),k = 1,2, . . . ,m, is (m − 1)(2m − 3), and the associated form F A(t, x, y) is
irreducible in the polynomial ring C[t, x, y].
Remark. It is mentioned in [7] that the number (2m − 1)(m − 1) is the maximal number of the sum of numbers of ﬂat
portions on the boundary of Λk(A) (k = 1,2, . . .) for a 2m × 2m matrix A and the associated form F A(t, x, y) is irreducible
in the polynomial ring C[t, x, y].
4. Closed transcendental orbit
We recall basic classical mechanics results from Chapter 3 in [10]. Let r = r(θ) be the polar equation of an orbit described
under the action of a central force f (r) with the angular momentum M = x(t)y′(y) − y(t)x′(t) 	= 0. If the central force is
attractive to the center (resp. repulsive to the center), then f (r) < 0 (resp. f (r) > 0). We have
M = r2 dθ
dt
,
dθ
dt
= M
r2
,
dr
dt
= M
r2
dr
dθ
,
d2r
dt2
= d
dt
(
M
r2
dr
dθ
)
=
(
d
dθ
(
M
r2
dr
dθ
))
M
r2
= M
2
r4
d2r
dθ2
− 2M
2
r5
(
dr
dθ
)2
.
The equation of an orbit expressed in the polar coordinates is the same equation as would be obtained for a ﬁctitious
one-dimensional problem in which a particle of unit mass is subject to a force
f˜ (r) = f (r) + M
2
r3
,
[10, p. 77, (3.22)], and hence the corresponding equation of motion is given by
d2r
dt2
= f˜ (r) = f (r) + M
2
r3
.
Thus the function f (r) = f (r(θ)) satisﬁes the differential equation
f (r) = M
2
r4
d2r
dθ2
− 2M
2
r5
(
dr
dθ
)2
− M
2
r3
. (4.1)
On the other hand, we compute that
M
2
d
(
M
2
dr
)
= M
2
4
d2r
2
− 2M
2
5
(
dr
)2
. (4.2)
r dθ r dθ r dθ r dθ
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f (r) = M
r2
d
dθ
(
M
r2
dr
dθ
)
− M
2
r3
. (4.3)
Moreover, the total energy E0 is given by
E0 = M
2
2r4
(
dr
dθ
)2
+ M
2
2r2
+ V (r). (4.4)
A fundamental celestial mechanics inverse problem is to determine the potential under which the action of the point mass
describes the curve. Szebehely (cf. [15]) presented an equation for potential determination from a given orbit. We provide
an algebraic method to obtain the function f (r) from the equation of the orbit.
Theorem 4.1. If an orbit r = F (θ) (α < θ < β) of a point mass under a central force f (r) lies on a real algebraic curve other than a
concentric circle r = const under suitable initial conditions E0,M, then the central force f (r) and the potential function V (r) are also
algebraic functions in r.
Proof. Suppose the orbit r = F (θ) of a point mass under a central force f (r) lies on an aﬃne algebraic curve H(x, y) = 0 for
some multiplicity free polynomial H(x, y) ∈ R[x, y]. By taking an analytic continuation of a non-singular point of H(x, y) = 0,
we may assume that H(x, y) is irreducible in the polynomial ring C[x, y], and is given by
H(x, y) =
∑
n,m
an,mx
n ym.
The polar coordinates of H(x, y) are written as
G(r, θ) =
N∑
k=0
∑
n+mN
an,mr
n+m cosn θ sinm θ, (4.5)
where we assume that r = r(θ) is not constant, that is, we exclude the case H(x, y) = x2 + y2 − c2 = 0. By applying Bezout’s
theorem on h(x, y), we ﬁnd that G(r, θ0) is a non-zero polynomial in r for some ﬁxed θ = θ0. It follows that N > 0 and∑
n+m=N
an,m cos
n θ sinm θ
is a non-zero trigonometric polynomial and hence Gr is also a non-zero polynomial. Since cos θ = (1 − tan2(θ/2))/(1 +
tan2(θ)/2), sin θ = 2 tan(θ/2)/(1+ tan2(θ/2)), the function r = r(θ) is viewed as an algebraic function of tan(θ/2). The orbit
r = r(θ) satisﬁes
dr
dθ
= −Gθ
Gr
, (4.6)
and
d2r
dθ2
= −Gθθ
Gr
+ 2GθGrθ
G2r
− G
2
θGrr
G3r
. (4.7)
By (4.3), we have that
r5 f (r) = M2
(
r
d2r
dθ2
− 2
(
dr
dθ
)2
− r2
)
. (4.8)
Substituting (4.6), (4.7) into (4.8), we obtain that
r5 f (r) = M2(r(−G2r Gθθ + 2GθGrGrθ − G2θGrr)− 2GrG2θ − r2G3r )/G3r ,
that is,
r5G3r f (r) = M2
(
r
(−G2r Gθθ + 2GθGrGrθ − G2θGrr)− 2GrG2θ − r2G3r ). (4.9)
Eliminating θ from Eqs. (4.5) and (4.9), we get an implicit expression of f = f (r). The function V (r) in (4.4) is expressed as
V (r) = E0 − 1
2r4
(
dr
dθ
)2
− M
2
2r2
. (4.10)
Eliminating θ from Eqs. (4.5) and (4.10), we obtain an implicit expression of V (r) which is an algebraic function of r. 
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other than a concentric circle r = const and its angular momentum M does not vanish, then m is a rational number and m 	= −1.
Theorem 4.3. The parametrized curve
x = (cos θ) loge(3+ cos θ), y = (sin θ) loge(3+ cos θ) (4.11)
is a closed transcendental curve which is realized as the orbit of a point mass under some central force f (r) and some initial condition.
Proof. Suppose that there exists a non-zero real polynomial h(x, y) satisfying
h
(
(cos θ) loge(3+ cos θ), (sin θ) loge(3+ cos θ)
)= 0,
0  θ  2π . Since the curve (4.11) is symmetric with respect to the x-axis, we may assume that h(x, y) = h(x,−y). This
implies that there exists a non-zero real polynomial H(X, Y ) satisfying
H
(
3+ cos θ, loge(3+ cos θ)
)= 0,
for every 0 θ  2π , where
H(X, Y ) =
N∑
n=
M∑
m=0
an,mX
nYm (4.12)
satisﬁes N > 0, and
∑M
m=0 aN,mYm is a non-zero polynomial. It follows that the equation
H
(
ey, y
)= 0 (4.13)
holds for every real y. From (4.12) and (4.13), we have the equation
eNy = −
N−1∑
k=0
∑M
m=0 ak,mym∑M
m=0 aN,mym
eky (4.14)
for every y. Taking the limits on both sides of (4.14) as y → +∞, we reach a contradiction, which proves the ﬁrst part of
the assertion.
We assume that the angular momentum M = 1. Then
x(0) = loge 4, y(0) = 0, and x′(0) = 0, y′(0) =
1
loge 4
, (4.15)
where x = x(t), y = y(t) are parametrized by the time t . Under the conditions (4.15), the central force f (r) by (4.1) is
obtained as follows
f (r) = (8r + 16)exp(−2r) − (3r + 12)exp(−r) − r
2 + 2
r5
. 
We can also provide an example of transcendental closed orbit based on Corollary 4.2. We consider the motion of a point
mass under the central force f (r) = −1/r or its associated potential function v(r) = loge r. We assume the following initial
condition:
x(0) = 1, y(0) = 0, x′(0) = a > 0, y′(0) = M > 0.
Then the angular momentum of the point mass is M , and the total energy E0 is given by
E0 = 1
2
(
x′(0)2 + y′(0)2)+ loge 1 = 12
(
a2 + M2).
We suppose that the function
H(r,a) = 2E0 − 2V (r) − M
2
r2
= 2E0 − 2 loge r −
M2
r2
vanishes at r = 1/2 and r = λ ∈ [3,4]. Corresponding to this condition, the initial conditions are given by
M = s
√
loge(4λ)√
4λ2 − 1 , a = a(λ) =
√
6λ2 loge λ + (1− λ2) loge 4
4λ2 − 1 ,
E0 = 4λ
2 loge λ + loge 2
2
.4λ − 1
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a(3) =
√
2
35
√
27 loge 3− 8 loge 2, a(4) =
√
18
7
√
loge 2.
The angle Θ = Θ(λ) between the successive pericenter and apocenter is given by
Θ =
λ∫
1/2
M
r2
√
2E0 − 2 loge r − M2/r2
dr,
which depends continuously on 3 λ 4 (cf. [1,10]). A numerical approximation of this singular integral shows that
Θ(3) = 2.09767 . . . > 2π
3
= 2.0943 . . . > Θ(4) = 2.06414 . . . ,
and hence there exists a real number 3< λ < 4 satisfying
Θ(λ) = 2π
3
,
which corresponds to a closed orbit.
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